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Abstract
Quantum black holes are difficult to describe. We consider two seemingly divergent approaches,
high-energy scattering and the proposal to regard black holes as Bose-Einstein condensates of
gravitons, and establish a connection between them. High-energy scattering is studied in the
eikonal approximation, which is processed further by a saddle-point approximation. The dominant
contribution to the scattering amplitude comes from a ladder diagram with the exchange of N
gravitons, and the number of gravitons follows a Poisson distribution. This approximation supports
the picture of a graviton Bose-Einstein condensate with an extent equal the Schwarzschild radius,
which grows with N in a way determined by the saddle point. The approach permits calculations
of 1/N corrections from the fluctuations around the saddle points and we comment on these.
Scattering methods might be useful probes of quantum black holes, especially when interpreted in
terms of condensates.
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I. INTRODUCTION
The quantum mechanics of black holes is one of the big puzzles in physics. Many concep-
tual problems, like the information paradox and the no-hair theorem, become apparent when
a classical black-hole solution is combined with quantum field theory in such a background.
Studies of such approximations are clearly relevant to our understanding of the classical
limit of black holes, but there are less explored paths, which might lead more directly to a
description of quantum black holes. Recently, Dvali and Gomez [1] have proposed a picture
of black holes as a Bose-Einstein condensate of a large number, N , of gravitons. A num-
ber of essential black-hole features have been matched by estimates in this language such as
Bekenstein entropy and Hawking temperature (cf. also [2–4]). Such a picture can potentially
improve our understanding conceptually, but also quantitatively, if 1/N corrections to the
leading behaviour can be evaluated.
High-energy scattering in theories containing gravity provides another potential route to
black-hole physics. The idea is essentially that the increase of the effective gravitational
coupling with energy can lead to strong fields and the formation of black holes, for in-
stance if two scattering particles approach one another sufficiently closely on the scale of
the Schwarzschild radius corresponding to the total energy of the process. More concretely,
string theory raised the hope that loop diagrams in gravitational theories could make sense
and perhaps that the loop expansion of the high-energy scattering can be resummed using
an eikonal approximation, the faster growth with energy of higher-order diagrams notwith-
standing [5–7]. Almost immediately it was realized that the dominant contributions at small
angle and high energy are independent of short distance and ultraviolet (UV) completions
like string theory, and this line of ideas has later been explored further (cf. [8], for a peda-
gogical review see [9]).1
A possible reaction to these observations is to elevate them to the level of a principle:
Theories like gravity may protect themselves from UV problems by channelling energy into
large numbers of low energy quanta [11]. The corresponding classical configurations has
recently been called studied much further under the name of classicalons [12, 13] (cf. also
earlier works related to so-called “self-completion of gravity” [14]).
The eikonal resummation of the high-energy gravitational scattering gives an uncontro-
versial but puzzling result (see below). A simple physical picture is wanting, and any such
picture is in need of quantitative support.
In previous work [15] we have observed a nice and clean relation between higher-
dimensional black holes, Bose-Einstein condensates and classicalons. This leads us to believe
that such relations will also show up directly in high-energy scattering, and lead to a clear
interpretation of the eikonal amplitude. The present paper checks this idea and takes some
step further by investigating the fluctuations around the saddle points that dominate the
physics. It is our hope that such fluctuations can play an important role in the study of
quantum corrections to the leading classical description of large black holes. Much of the
physics of the eikonal approximation, of classicalons as black holes and graviton condensates
is well known, and the main role of this work is to focus on and spell out the strength of the
relationships between these ideas in as simple a setting as possible. We demonstrate aspects
of how they fruitfully support each other, and find new insights in the effective distribution
of exchanged gravitons.
1 There have also been developments on how to extract non-universal effects dependent on the string UV
completion [10].
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This work is structured as follows: In Sec. II we introduce the eikonal approximation, in a
way directly applicable to the studied set-up. We then apply a saddle-point approximation to
obtain the energy scaling of the impact parameter. In Sec. II A we analyse fluctuation around
this saddle point. Sec. II B concerns with the determination of the dominant contribution
amongst the ladder-diagrams in the eikonal sum, where we also determine the distribution
of exchanged gravitons at the saddle point. We conclude and summarise in Sec. III.
II. EIKONAL APPROXIMATION
We consider high-energy scattering in D space-time dimensions. Let b be the impact
parameter of the scattering process, q := p1 − p2 the momentum transfer, and s the square
of the center-of-mass energy of the gravitons with initial D-momenta p1 and p2. Let us
further assume small momentum transfer,
q  √s . (1)
Now, the eikonal amplitude AE, which can be expressed as
AE(s, q) ∼ s
∫
dD−2b eiq·b
eiχ(s,b) − 1
2i
, (2)
can be regarded as an estimate of the sum of ladders and crossed ladders in the s-channel
(cf. [16]). In Fig. 1 we depict a typical relevant diagram. The eikonal function χ(s, b) can
be expressed in terms of the Born amplitude2 A(0),
A(0)(s, q) ∼ −cκ2D
s2
q2
e−aq
2
, (3)
via
χ(s, b) ∼ 2
s(2pi)D−2
∫
dD−2q e−iq·bA(0)(s, q) (4a)
∼ − 4scκ
2
D√
4pi
D−2√
a
D−4
(D − 4) 1
F1
(
1
2
(D − 4); 1
2
(D − 2); − b
2
4a
)
. (4b)
Above, c is some real constant, κD is the D-dimensional gravitational constant, 1F1 is the
confluent hyper-geometric function of the first kind, and we defined a := ln(s)− ln(2)− ipi/2.
Now, for b a we find
χ(s, b) ∼ − scκ
2
D√
pi
D−2
(D − 4)
[
Γ
[
(D − 2)/2]
bD−4
− (D − 4)e
−b2/4a
2
√
4a
D−6
b2
]
, (5)
where the second term in the delimiters represents string contributions [5]. For large b this
term can safely be neglected, and we find for the eikonal amplitude
AE(s, q) ∼ −s
(D−1)/2
√
2pi
∫ ∞
db b(D−3)/2 cos
[
q b− pi
4
(D − 3)]×
× scκ
2
DΓ
[
(D − 2)/2]
√
pi
D−2
bD−3
exp
[
− i scκ
2
DΓ
[
(D − 2)/2]
(D − 4)√piD−2 bD−4
]
.
(6)
2 Here taken from string theory to explicitly show how string contributions are subdominant.
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Figure 1: A typical ladder diagram which contributes to the sum (10).
q
This oscillatory integral can be approximated by its value at the saddle point b∗. Assuming
a small scattering angle θ ∼ q/√s , we have
b∗ ∼
[
s
θ2
] 1
2D−6
∼ rS θ− 1D−3 , (7)
where rS is the Schwarzschild radius of a black hole with mass M =
√
s . This growth of the
typical impact parameter with energy is thus the same as the growth of the Schwarzschild
radius of a black hole (cf. [15], including generalizations to classicalons). However the impact
parameter is scaled with a large number depending on the small angle θ probing the system.
It is clear that small angle probes of the formation of black holes in high-energy scattering
safely avoid the actual horizon. If we insert the saddle-point value of b in Eq. (6) and
evaluate AE(s, q), we get a decent estimate, but as a function of s and q (see, e.g., Ref. [5])
it is far from transparent and in need of an interpretation.
A. Around the Characteristic Impact Parameter
A necessary requirement for the saddle-point approximation to make sense is a large
second derivative of the exponent in Eq. (6) at the saddle point b∗,
∂2χ
∂b2
∣∣∣
b= b∗
∼ sbD−2∗ ∼ s
D−4
2D−6 θ
D−2
D−3 . (8)
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For all space-time dimensions D > 4 we find that the exponent of s is non-negative, and
is monotonically increasing with D. This implies that the saddle-point approximation is
getting better and better at higher energies, and that the improvement with energy is faster
in higher dimensions. The typical impact parameter is more sharply defined at higher
energies, as seen by evaluating the width of the saddle-point Gaussian
∆b ∼ s− D−44(D−3) θ− D−22(D−3) . (9)
Unfortunately, this does not work equally well in the D = 4 limit, but still the relative
width ∆b/b∗ → 0. That the D = 4 case is special is already apparent from Eq. (5), where the
limit D → 4 gives a constant divergence plus a log b dependence. The divergence translates
to phase by Eq. (2), but the constant phase is unobservable and related to the very long-
range nature of the 1/r potential in D = 4. We regard D = 4 as a special case that requires
special technical care but which is unlikely to be qualitatively different than D > 4.
B. The Coherent Sum over Gravitons
Let us go back to the eikonal amplitude AE, given in Eq. (6). As mentioned earlier,
the exponential in AE sums all the ladder-diagrams with an increasing number of rungs,
corresponding to a certain number n of exchanged gravitons [5] (cf. Fig. 1 for a relevant
diagram). The saddle-point contributions evaluated at b = b∗ therefore contains sums over
n gravitons
AE ∼ exp[ icsαθβ] = ∑
n
(
icsαθβ
)n
n!
, (10)
where c is a constant.
We would like to derive the value of n which gives the dominant contribution. For large
s we expect it to be large, and using Stirling’s approximation we estimate the n’th term as
1√
2pin (n/e)n
exp
[
n ln
(
icsαθβ
)] ∼ exp[− n ln(n) + n+ n ln(icsαθβ)] , (11)
which is stationary at
n ≡ n∗ ∼ icsαθβ . (12)
Thus we read off α and β from Eq. (6) and get
n∗ ∼ ics
D−2
2D−6 θ
D−4
D−3 . (13)
The imaginary nature of the saddle point in n complicates a concrete interpretation of a
dominant term in the series, but the scaling with s is still significant.
In fact, we can compare this calculation to an estimate of the average number N of
particles of wavelength λ = b∗ from the ratio of the total energy E =
√
s to the energy
 = 1/b∗ of one quantum,
N ∼ E/ = b∗
√
s ∼ s D−22D−6 ∼ bD−2∗ ∼ |n∗| , (14)
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which scales as in Eq. (13)3. These estimates are precisely the same as in the quantum
N -portrait [1] of black holes, i.e. we have in particular
b∗ ∼ N 1D−2 ∼ rS . (15)
Thus, the picture of a quantum black hole as a condensate of N weakly interacting gravitons
is supported by and supports our interpretation of the leading high-energy scattering at small
angles as an exchange of N independent gravitons.
The phase in Eq. (10) is a constant and just ensures the right relative phase in the coherent
sum over different numbers of exchanged gravitons in the eikonal amplitude (6, 10). We can
study the amplitude as a sum over n graviton contributions. We have already established
the saddle point contribution, but the width around the saddle-point Gaussian is also useful.
Differentiating the exponent in Eq. (11) twice we find a width
∆n ∼ N− 12 . (16)
Here we have again suppressed the phase, because it is immaterial to the n dependence.
Comparing ∆n and n∗ from Eq. (14) we find the typical relations of a Poisson distribution
of n. This hint motivates second look at the sum (10), which indeed is a Poisson distribution
up to normalisation. The effective numbers of gravitons exchanged in high-energy scatterings
is thus Poisson distributed with a mean growing like N , the numbers of gravitons in a Bose-
Einstein condensate description of black holes.
Poisson distributions are characteristic of quantum mechanical coherent states, generated
by classical sources, and here the situation is similar. The many-graviton state of the
graviton field which is effectively exchanged between the two high-energy particles depends
on the energy and the scattering angle, and with increasing energy these sources are more and
more classical. The power of the energy is due to the stationary-phase effect of coherently
repeated Born-term interactions weighted by the energy-dependent gravitational coupling.
Thus it takes non-linearities into account although in a rudimentary way. As long as the
scattering process is dominated by large distance, other non-linearities and loop effects are
suppressed. This is the regime of graviton dominance and classicalization. The saddle-point
estimate of the eikonal amplitude is effectively encoded by the exchange of a coherent state
of the graviton field, which classically corresponds to a black hole.
III. SUMMARY AND DISCUSSION
By reanalysing gravitational high-energy scattering we have found a confluence of pic-
tures. A saddle point contribution may be interpreted as virtual black holes being exchanged
between high-energy particles scattering at small angles; resolving these black holes in terms
of perturbation theory, a Poisson distribution in the number of gravitons is found with a
mean N growing with energy; the gravitons are predominantly of low energy and are non-
interacting at leading order. In all respects that we have checked we find support for the
quantum N -portrait of Dvali and Gomez [1]. Furthermore, the scaling of N with energy
is precisely the scaling [5] emerging from classicalon arguments [12, 13] requiring a balance
between linear and non-linear contributions to the energy. In short, the exchanged black
holes are classicalons built of Bose-Einstein condensates of gravitons.
3 Note that we assume that q2 ∼ s, i.e. fixed angle at high energy, and only match the energy scaling.
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A number of qualifying remarks are in order. First, scattering depends not only on
the total energy, but also on scattering angle for elastic 2 → 2 amplitudes, and on more
parameters in general. We see a dependence of the exchanged graviton condensate on
the scattering angle, and for more complicated amplitudes we expect more complicated
parameter dependence. We don’t view this non-uniqueness as a failure of the picture, instead
we regard the parameters of the scattering amplitude as probing different perspectives on
graviton condensates. It would be extremely interesting if recent progress on amplitude
technology [17, 18] would help analysing graviton condensates. Techniques for computing
ladders of scalars [19] could perhaps also be extended to the gravitational setting. Second,
fluctuations around the saddle point contributions are crucial for the quantum description of
black holes. In particular, it seems clear that the states that appear naturally in amplitude
calculations are coherent states rather than fixed occupation number states of the graviton
field. On one hand this issue is just a choice of base, on the other hand it is probably more
effective to discuss states that are easy to prepare from natural initial conditions. It could
be that a better understanding of the coherent states that are excited in scattering will
prove useful. Third, the connections we have made between the various pictures above have
concerned the exchange of virtual states, not physical on-shell states. It would of course be
extremely satisfying if the spectrum of on-shell states were understood.
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